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Abstract

We consider a two point conjugate boundary value problem of the form y'' (t) = f(t, y(t),y’(t)), a<t<b,y(a)=
a,,y(b) = a,,where a < b, f:[a,b] X R> — R is continuous and a,and a, are real. The method of upper and lower
solutions, coupled with monotone methods, is useful if f is independent of y'. If the conjugate conditions,y(a) =
a,,y(b) = a,, are replaced by right focal conditions y(a) = a,,y'(b) = a,, then the method of upper and lower
solutions, coupled with monotone methods, is useful in the case that f depends on y and on y'. In this talk, we
construct a boundary value problem of the form y" (t) = f(t,y(t),y’(t)), a<t<b,y(a)=a;,y'(b)=gWy"),
which is equivalent to the original two point conjugate problem and obtain sufficient conditions on f and on g such
that the method of upper and lower solutions, coupled with monotone methods, is useful.
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1. Introduction

We are interested to obtain sufficient conditions for the
existence of solutions of second order of nonlinear
differential equations by using the method of upper
and lower solutions coupled with the monotone
method. In this paper, we consider three nonlinear
equations with boundary values problems,

y'(® =fty®,y'®), 0<t<1, y(0) =A,y(1) = B(1)
and

y'(® =fty), 0<t<1, y(0)=A,y(1) =B (2)
and

y'® =ftyy) 0<t<1,y(0)=Ay'(1)=B (3)

In (2), the Green’s function is of constant sign and f
depends only on y, so the method of upper and lower
solution coupled with monotone method can be
applied. In (3), the Green’s function and its partial
derivative are of constant sign and f depends on y and
y', so the method of upper and lower solution coupled
with monotone methods can be applied. In (1), the
partial derivative of the Green’s function changes sign
and f depends on y’, so the method of upper and lower
solution coupled with monotone method does not
readily apply. We explore method to force monotone
convergence of iterates of upper and lower solutions.
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In what follows, we first show in detail how the method
of upper and lower solutions, coupled with monotone
methods apply to (2); we also briefly out line to
method applied to (3). We propose a method of forced
monotonicity and apply it to a special case of (1).

An informative description of monotone operators
is found in (1); details related to Green’s functions and
fixed point theorems are found in (2).

2 The method of Monotone Operators

We have the boundary value problem for the second
order differential equation

y'® =fty®,y'®), 0<st<1,y(0)=A,y1) =B, (1)
f:[0,1] X R? - Ris continuous map.

e Methods to give an analytic solution to (1) do not
exist. We give sufficient conditions so a solution
exists.

e Methods of upper and lower solution, coupled with
Nagumo conditions, give sufficient conditions for
existence of solution of (1).

Nagumo Condition
y'® =1+ @)%, y(0) =A,y(m) =B
No solution exists. For this differential equation the

initial value problem with initial values y(0) =
A, y'(0) = m has unique solution
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y = A+ Insec(tan"! m) — Insec(tan™! m)

e We will motivate this talk with an application of
method of upper and lower solutions, coupled with
monotone methods to

y'® =fty), 0<t<1, y(0)=A,y(1) =B, (2)

where f: [a,b] X R > R is continuous. Assume in

addition, f is decreasing in y for fixed t.

Note: equation (2) has no dependence on y'.

DefineK :C[0,1] — C[0,1] by
1

Ky() = A+ (B — A)t + f Go(t9)f(s,y(s))ds, 0<t<1
0

ts—1), if0<t<s<1,

where Go(t,s) = {s(t —1), fo<s<t<1.

Theorem2.1 y is a
< yec(C[0,1]and y =Ky

solution  of  (2)
Go(t,s) < 0on[0,1] x [0,1],s0 with f is decreasing in y,
if y1() <y.(1), 0=t<1,

then

Ky,(t) =A+ (B —-A)t+ f Go (L, s)f(s,y1(s))ds
<A+ (B - A
1

+ [ o695 y,()ds = Ky,
0

Note: Kis a monotone operator.
Definition 2.2 Definition of the upper and the lower
solution: Assume existence of Wo, Vo € C2[0,1]
satisfying:
o wy()<ve(d), 0<t<1,
o wp(0) £A<vy(0), wo(l) <B<vp(l),
o W'yt = f(t,wy(t),v'o(t) < f(tve(),0<t< 1.
Define {w,}, {v,} by

Wn1(0) = Kwy (1), vpea () = Kvy (D,
e Recall y € (C[0,1]is a solution of

y" =ty (),

y(0)=4A, y(1)=Bey=Ky

Our goal is to show wconverges in C[0,1] to some w.
Then w = Kw and the limit is a solution of (2).

Consider
y'(®) =w"y(0), y(0) = wy(0), y(1) =w,(1)

Then

wo(t) = we(0) + (Wo (1) —wy (0))t

+ f Go(t, s)w' y(s)ds
0

So,
wo(t) <A+ (B—-A)t
1

+ f Go (L, S)f(s, wo(s))ds = wy (t)
0

Similarly, vy(t) = v,(t)
So,

Wy S Vg > w; <V
and

Wo < Wy, vy SV,
Thus,

Wy Sw; Svy; SV
e Since Kis monotone,
Wnp S Wpiq SV SV, n=01, ...
w, Tw € C[0,1], vy 4 v EC[0,1],
and
w = Kw, v = Kv
e For further motivation consider,

y'(®) =fty,y), 0<t <1, y(0) =4, y'(1)=B,(3)

Wheref: [0,1] X R? — R is continuous and Z—; <0, :—yf, <
0 on[0,1] x R?.

Here,

Ky(t) =A+Bt+ J- Gy (t, s)f(s,y(s),y'(s))ds
0

where K: C1[0,1] - C[0,1], is defined by

t, fo0<t<s<]1,
S, f0<s<t<l1.

G,(ts) = {:

G,(t,s) <0on[0,1] x [0,1]

d
&Gl(t' s) < 0on[0,1] x [0,1]

y1 < y,means that

y1(©) < y2(D), 0<t<1,

0<t<1

andy’, (t) <y',(0),
e Assume

yi(®) <y (0, y,©® <y, O,
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then

KO <K, K20 < &)'O).
[ 6960 ©.y,©)ds
0

1
< [[6,691(5.1209.7,@)as

19
fo aGl(t,S)f(5’3’1(5)'y’1(s)) ds

< f 1%61@ f (5,72(5),y',()) ds

Since

d r?t 19
&L G, (t, s)fds =J0 aGl(t,s)fds

e Assume existence of wy, v, € C?[0,1] satisfying:
o ow(t) S ve(h), wiot) <vi(t), 0<t<1.
" wy(0) S A<vy(0),w (1) <B<V(D).
=W (0) = f(t, wo (1), wo(t), 0<t<1.
V() < £t v (0), V(1) 0<t <1

Define w,,; = Kw,, v,,; = Kv,. Then
W () € wppq (1) < vppa (1) < v (1), 0<t<1,

W) S Wi () S v @® v 0st<1,
Thus,

w, Tw in C[0,1], w'y, Tw'in C[0,1],

vy 4 vin C[0,1], v', 1 v in C[0,1]
3. A Method of Forced Monoyonicity
Goal: Apply monotone methods to

0<t<1,
y(1) =B, (%)

y' =ftyy) y(0) = A,

Since %GO changes sign and f depends on y’, the

method of upper and lower solutions, coupled with
monotone methods, has not been applied to (*).
Consider an equivalent forced problem

o<t<l1, y(0) = A,
y'(1) =gy’ (1),y(1)), (x*)
Ky(t) = A+ gy’ (D), 31'(1))t
+ Gy () ds

g is chosen so this forced boundary value problem is
equivalent to (*) (or more precisely, if y is a solution of
(**) then y is a solution of (*)).

y' =ftyy)

If

and

g(yy,z1) < gy, z,) if y; <y,andz; <z, then Kis
monotone increasing and so the method of the upper
and the lower solutions, coupled with monotone
methods becomes a viable strategy.

Example

y'=-2+ftyy) 0<t<1,
y(0) =0, y(1) =3.(4)

Conjecture 1. If f:[0,1] X R? - R s continuous,

0 a
—f<0, —f<0 on[0,1] X R?f(t,0,0) = 0 and
dy ay’

[f(t, y2,22) — (6 y1, 20| < €1ly, — yal + €21z, — 74
wheree;, e, = 0 and (?) € +4e, < Z. There exists a
solution y of (4) satisfying

3t—t2 <y(t) < 5t—t?, 0<t<1,
3-2t<y'(t) £5-2 0<t<1

e We must exhibit lower and upper solutions. We
intend show that
wo =3t—t?,  v,=5t—1t?

are lower and upper solutions, respectively, for

y'(®) =-2+1f(tyy) 0<t<l,
y(0) =0,y'(1) = &3
y(1)

Define w,,; = Kw,, v, = Kv,.

w, Twin C[0,1], w', T w’in C[0,1],
vy 4 vin C[0,1],v', L v’ in C[0,1].

Motivate the conjecture with €;,e, = 0

y'=-2 y0)=0  y1)=3
The solution isy =4t —t? and the problem is
equivalent to

no_ __ — ’ — w
y'=-2y(0)=0,y'(1) =73s

Construct wy(t) = 3t — t2, vy(t) = 5t —t2

wo(1) ! "
wo(D) 3t+f0 G, (t, s)w"y(s)ds

w; () =
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_3 1 _7 2
—Et+f0 G (t,5)(—=2)ds =t —t2

! 1 1
vi(t) = %3t+fo G, (t, s)v"y(s)ds

9 1 17 2
=t+ J, Gi(t,s)(=2)ds = St—th
e  We show directly that

wo() < wy (D) < vi (D) < v (D),
and

0<t<,

wio®) Sw () svi)<sv,@®), 0<t<1,
and then in theory
Wn = Whn+1 < Vn+1 < Vi
and
! < ! < ! < !
Wn=Whni1 SV SV,

To show these details directly,

7 5(3) -8
t) = 3t —t?, )=-t—t?=———t—t2
wo () wy () 2 31
If
wy() =at—t%4,  w,(t)=a,—2t
Then
w'h(1D) 5a, — 8
t) = 3t+2t—t2=——t—t?
W1 (0 wo(D) + a —1

— 2
=apyt—t

W1 () = apy — 2t

5a,—8

Given 3<a, <4, apy = ,
an—1

show a, <ap,; <4.

= toobtain a,,; < 4, note that

2<a,-1<3= < -1
-
Then,
5a,—8 5(ap—1)-3
= = = —_— —1
Ant1 a,— 1 a,— 1 > an—1<5

= 4.

= toobtain a, <ap.;,note that

(ap —2)(a, —4) = a%, —6a,+8<0,
for3<a, <4
Then,

5a, —8

2 —
n—ap<b5a,—8ora, <————=ayq
a,—1

a

Thus, a, T,a, is bounded above by 4 so a, — L.

5n-8 5L—8
Ay = — = L=7—7,
Then L=2O0rL=4
andso, L=4

e We want to show that

If 4<b, <5, by, <b, <5,then {b} | 4t—t2

e toobtain 4 <by,,

5a, — 8
bur1 =7
n
B 5(a,—1) -3
B a,—1

=5—

3 >5—-1=4
-1 -

n

e toobtain b,,; <b,

Note:(b, — 2)(b, —4) =b?, —6b, +8>0 for4 <
b, <5,

then b2, — b, > 5b, — 8b,(b,) > 5b, — 8

5bp—8

r
orb, > -

=bns1
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